Abstract. For a global field, local field, or finite field k with infinite Galois group, we show that there can not exist a functor from the Morel-Voevodsky A 1 -homotopy category of schemes over k to a genuine Galois equivariant homotopy category satisfying a list of hypotheses one might expect from a genuine equivariant category and anétale realization functor. For example, these hypotheses are satisfied by genuine Z/2-spaces and the Rrealization functor constructed by Morel-Voevodsky. This result does not contradict the existence ofétale realization functors to (pro-)spaces, (pro-)spectra or complexes of modules with actions of the absolute Galois group when the endomorphisms of the unit is not enriched in a certain sense. It does restrict enrichments to representation rings of Galois groups.
Introduction
Grothendieck envisioned that cohomological invariants of algebraic varieties are controlled by certain motives, with transcendental invariants, such as the Galois action onétale cohomology, being recovered by realization functors. Work of Morel-Voevodsky on A 1 -homotopy theory provides candidate categories of motives, and realization functors have been constructed from the Morel- For example, Morel-Voevodsky construct an R-realization functor [MV99, 3.3] . On the level of schemes, this functor takes an R-scheme X to the topological space (or simplicial set) of its complex points X(C) together with the action of the Galois group Gal(C/R) on X(C). The association X → X(C) gives rise to functors from the A 1 -homotopy categories of spaces and of P 1 -spectra. The target category of this functor may be taken to be the genuine Gal(C/R)-homotopy category in the former case and the genuine Gal(C/R)-equivariant stable homotopy category in the latter. The adjective genuine (or fine in the terminology of [MV99, 3.3] ) refers to the homotopy theory in which a weak equivalence of Gal(C/R)-spaces X → Y is not only an equivariant map which is a weak equivalence in the nonequivariant sense, but also satisfies the requirement that the map on fixed points X H → Y H is an equivalence for all subgroups of the group acting on the spaces, in this case Gal(C/R) [LMSM86] . In the stable case, more notation would be required to define genuine Gal(C/R)-equivariant spectra, but one consequence of the more stringent notion of weak equivalence is that the group of endomorphisms of the sphere spectrum encodes interesting information about Gal(C/R)-sets, in contrast to Z, which is isomorphic to the endomorphisms of the sphere in ordinary stable homotopy. It follows that the Euler characteristic in genuine equivariant homotopy theory can be enriched from an element of Z to an element of the Burnside ring A(Gal(C/R)) of formal differences of finite Gal(C/R)-sets.
One might hope to generalize this construction to fields k with infinite Galois groups. Namely, let G = Gal k = Gal(k/k) denote the absolute Galois group of k. One could hope to construct a category of genuine G-spectra or G-pro-spectra receiving anétale realization functor from P 1 -spectra over k. Indeed, for profinite groups, homotopy theories of genuine G-(pro)-spectra are constructed in [Fau08] and [Bar17] , and [Qui13] contains a construction of a homotopy theory of profinite G-equivariant spectra.Étale realization functors have also been constructed over k [Isa04] [Qui07] [Ayo14a] , but not so that the target is a genuine G-equivariant homotopy theory.
We show here that there is a reason for this lacuna. Namely, for k a global field, local field, or finite field with infinite Galois group, there does not exist a symmetric monoidaĺ etale realization functor from P 1 -spectra over k to a genuine G-equivariant homotopy theory under a set of hypothesis on what the termsétale realization and genuine are expected to imply. The hypotheses are best explained by the proof, and the proof is based on a result of Hoyois [Hoy14, Theorem 1.5]. Namely, Hoyois shows that the A 1 -Euler characteristic of a smooth proper variety with trivial cotangent sheaf is 0, which implies, in particular, that the A 1 -Euler characteristic of an elliptic curve E is 0. The outline of the proof is as follows. Suppose there is a symmetric monoidalétale realization functor L Et. Then the Euler characteristic of L Et(E) is well-defined and equal to 0. On the other hand, in genuine G-spectra, one could expect that the Euler characteristic is related to the alternating sum of the cohomology groups (with coefficients in some ring or field) considered with their Gactions. For example, this is the case for G a finite group (Proposition 2.3). The theory of weights for Galois representations shows that the alternating sum of theétale cohomology groups for E is non-zero in a representation ring. Since one could expect the cohomology groups of theétale realization to be theétale cohomology groups, at least for finite coefficients (as in [Fri82, Proposition 5 .9]), this is a contradiction.
A precise formulation is as follows. First, we introduce a definition. Let k be a field and let R be a ring. Let Funct(Gal k , R) denote the ring of functions Gal k → R with point-wise addition and multiplication. Definition 1.1. By a representation ring of Gal k with coefficients in R, we mean a ring Rep(Gal k , R) such that:
(1) The isomorphism class of a finitely generated R-module A with a continuous Gal kaction given by
, where X is a smooth, proper variety over k, determines an element [A] of Rep(Gal k , R).
(2) The trace map which takes A to the function Gal k → R defined by taking g in G to the trace of g acting on A, g → Tr g|A extends to a homomorphism Rep(Gal k , R) → Funct(Gal k , R).
Theorem 1.2. Let k be a global field, local field with infinite Galois group, or finite field. Let p be a prime different from the characteristic of k. It is impossible to simultaneously construct all of the following
(1) A symmetric monoidal category H Gal k (Spt), enriched over abelian groups. Let A(Gal k ) = End H Gal k (Spt) (S) denote the endomorphisms of the symmetric monoidal unit S.
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(2) For all n, a representation ring
, and ring homomorphisms θ n :
for smooth proper schemes X over k.
We are thinking of H Gal k (Spt) as a genuine Gal k -equivariant stable homotopy category, A(Gal k ) as a Burnside ring of Gal k , Rep(Gal k , Z/p n ) as a representation ring of Z/(p n )-modules with Gal k -action, and L Et as anétale realization functor. Since there are interesting contexts in which one may require a continuous Galois representation to satisfy additional conditions (e.g., be de Rham, crystalline, semi-stable, potentially semi-stable, etc.), we do not require that Rep(Gal k , Z/p n ) be the Grothendieck ring of continuous Galois representations, although this is certainly a possibility for (2). Theorem 1.2 is proven as Theorem 3.1 below and there is another variant given in Theorem 3.3, where the representation rings involved only have coefficients in fields.
In Section 2, we show that the constructions of Theorem 1.2 do exist when k = R, the realization functor (3) being that of Morel-Voevodsky [MV99, 3.3], and (1) and (2) being the usual genuine Z/2-equivariant stable homotopy category and Z/2-representation rings, respectively. Section 3 contains the main result. As described above, the basic idea of the proof is that the A 1 -Euler characteristic of an elliptic curve and the alternating sum of itś etale cohomology groups are incompatible as Galois representations.
Enriched Euler characteristics and genuine Gal R -realization
Let G be a finite group. Let A(G) denote the Burnside ring, defined as the group completion (or Grothendieck group) of the semi-ring of isomorphism classes of finite G-sets with addition and multiplication given by disjoint union and product respectively.
The Burnside ring is the endomorphisms of the monoidal unit in the Burnside category Burn(G), whose definition we now recall. The objects of Burn(G) are finite G-sets. Given finite G-sets T and S, consider the set of equivalence classes of diagrams of G-sets
An object X of a symmetric monoidal category with unit S and monoidal product ∧ is said to be fully dualizable if there is a dual object DX together with coevaluation and evaluation morphisms η : S → X ∧ DX, ǫ : DX ∧ X → S such that the compositions
→ DX are the identities. For example, every element of Burn(G) is fully dualizable with DX = X.
Given an endomorphism f of a fully dualizable object X, the trace Tr(f) is the endomorphism of S determined by the composition
where τ is the map which switches the order of the two factors. The Euler characteristic χ(X) is the trace of the identity χ(X) = Tr(1 X ). The following is a straightforward consequence of the definitions and is not original, but it is included for convenience and clarity.
Lemma 2.1. Let T and U be finite G-sets, and let T i ← U j → T be a diagram of finite G-sets. For elements t and t ′ in T , let U t,t ′ be the set U t,t ′ = i −1 (t) ∩ j −1 (t ′ ). Then there are the following equalities in the Burnside ring A(G).
(
Proof. We first show (1). Let ∆ : T → T × X denote the diagonal. Then η and ǫ are the morphisms Let H G (Spt) denote the homotopy category of genuine G-spectra [May96, XII 5], S denote the sphere spectrum, and H G (Spt)
d denote the full subcategory of fully dualizable objects.
It is a result of Segal [Seg] and tom Dieck [tD79] that there is a ring isomorphism
we consider χ(X) to be an element of the Burnside ring A(G). The ring homomorphism (2) is induced from the fully faithful, symmetric, monoidal functor Σ
Let R be a ring. Let Rep(G, R) denote the ring with generators given by isomorphism classes of finitely generated R-modules with G-action subject to the relation that B = A ⊕ C when there is a short exact sequence
Addition and multiplication in Rep(G, R) are induced from ⊕ and ⊗ respectively. For X in H G (Spt), the cohomology groups H i (X, R) determine elements of Rep(G, R).
Definition 2.2. Let θ : A(G) → Rep(G, R) be the map determined by taking a finite G-set T to the permutation representation on ⊕ T R.
Proposition 2.3.
(1) Let R be any ring. For all finite G-CW complexes X we have that
(2) Let R be a field of characteristic not dividing the order of G. Then for all X in
and in particular the right hand side is a well-defined element of Rep(G, R) in the sense that only finitely many of the summands are non-zero and the non-zero summands are finitely generated R-modules.
The proof of Proposition 2.3 (1) is a straightforward induction on the cells of X. To prove (2), we will have use of the following lemmas.
Lemma 2.4. Let G be a finite cyclic group. Let R be a field of characteristic not dividing the order of G. Let T be a finite G-set, and V ⊆ θT be a G-fixed subspace such that the corresponding representation ρ : G → GL V satisfies the property that Tr(ρ(g)) is the image of an integer under the canonical map Z → R for all g in G. Then there are G-sets E and I such that V ⊕ θE ∼ = θI.
Proof. If G has order 1, then the lemma is true. Let G have order n > 1 and assume inductively that the lemma holds for cyclic groups of smaller orders. Because matrices which are similar over the algebraic closure of R are similar over R, we may assume R is algebraically closed. Thus θT and V decompose into simultaneous 1-dimensional eigenspaces whose eigenvalues are nth roots of unity. Let d denote the largest order of an eigenvalue of V, and note that d divides n. If d = 1, then V ∼ = θI where I is a set with trivial G-action of cardinality equal to the dimension of V, so the lemma is true.
We now induct on d. Let g denote a generator of G. The condition that Tr(ρ(g)) is an integer implies that the eigenspaces of g in V associated to the primitive dth roots of 1 are all the same dimension. Call this dimension a. Let d = l j=1 p e j j be the prime factorization of d. Let E j denote the G-set consisting of a single orbit of cardinality d/p j , and let
l j=1 E j . Then for each dth root of unity, we may choose an a dimensional eigenspace of V ⊕ θE ′ . Let V ′ denote the direct sum of these chosen eigenspaces and let
is the G-set with a single orbit of cardinality d. In particular, this representation satisfies the property that the trace of every element of G is an integer. It follows that the same property holds for V ′′ . By induction on d, there are G-sets E ′′ and
We may therefore let E = E ′ E ′′ and I = ( a j=1 I ′ ) I ′′ , and the lemma is true.
Lemma 2.5. Let G be a finite cyclic group. Assume R has a prime ideal of residue characteristic not dividing the order of G. If T and T ′ are two finite G-sets such that θT
Remark 2.6. Lemma 2.5 becomes false when
Proof. By assumption, there is a ring map R → K where K is an algebraically closed field of characteristic not dividing the order of G. We may replace R by K, allowing us to decompose θT ∼ = θT ′ into simultaneous 1-dimensional eigenspaces whose eigenvalues are nth roots of unity. Let d denote the largest order of such an eigenvalue. If d = 1, then both T and T ′ have trivial G-actions and |T | = |T ′ | = dim θT ′ , so the lemma is true. Assume by induction that the lemma holds for all smaller values of d. Let g be a generator of G and ζ be a primitive dth root of unity. The number of d-cycles in θT is the dimension of the ζ-eigenspace of T . Since the same holds for T ′ , it follows that T and T ′ contain the same number of dcycles. Furthermore, removing the d-cycles from both T and T ′ results in finite G-sets with isomorphic associated permutation representations for which the lemma holds inductively.
Lemma 2.7. Let G be a finite group and let f : T → T be an idempotent in the Burnside category of G. Let R be a field of characteristic not dividing the order of G.
We establish a few preliminaries before proving Lemma 2.7.
Remark 2.8. We may directly calculate the trace functions χ θ Tr(f) and χ Image H 0 (f) of θ Tr(f) and Image H 0 (f). Since f is idempotent,
. Let δ t be the function δ t : T → R such that δ t (t) = 1 and δ t (t ′ ) = 0 for t ′ = t. In the below, i * denotes the push forward on H 0 associated to i, and g * , j * are the corresponding pullbacks. We compute
It follows from Lemma 2.1 that
It is not clear from these calculations that χ Image H 0 (f) = χ θ Tr(f) . We will show in Lemma 2.7 that they are.
It is clear that χ Image H 0 (f) takes values in the integers, and it follows from
that χ Ker H 0 (f) also takes values in the integers.
To prove Lemma 2.7, we will make use of the following variation of the Burnside category.
Definition 2.9. Define the category Burn(G, R) to have objects G-sets, and for G-sets S and T , the morphisms Burn(G, R)(S, T ) are R-linear combinations of equivalence classes of diagrams of G-sets S ← U → T . Composition is defined to be R-bilinear and induced from (1) as in the definition of the Burnside category.
Burn(G, R)(S, T ) is a symmetric, monoidal category with the monoidal structure defined by the product of G-sets, and Tr[T ← U → T ] = t∈T U t,t by the proof of Lemma 2.1.
Lemma 2.10. Let A and B be morphisms in
Proof. Since composition of morphisms is R-bilinear, and Tr is R-linear, it suffices to prove the claim where A and B are determined by diagrams of G-sets T ← A → T and T ← B → T , respectively. Then:
Proof. (of Lemma 2.7) By Maschke's theorem [EGH + 11, Theorem 3.1, Theorem 3.5], it suffices to show that the trace functions χ θ Tr(f) and χ Image H 0 (f) of θ Tr(f) and Image H 0 (f) are the same. To do this, we may show for each g in G that χ θ Tr(f) (g) = χ Image H 0 (f) (g), thus reducing to the case where G is a finite cyclic group. By Remark 2.7, χ Image H 0 (f) takes values in the integers, so we may apply Lemma 2.4 to Image H 0 (f) ⊆ θT . Thus there are G-sets E and I such that Image H 0 (f) ⊕ θE ∼ = θI. Let f ′ : T E → T E be the idempotent in the Burnside category of G defined f ′ = f 1 E . Applying Remark 2.7 and Lemma 2.4 to Ker
By Lemma 2.1, Tr f ′′ ∼ = E Tr f, and Image
Therefore it suffices to prove the lemma with f replaced by f ′′ .
Since f ′′ is an idempotent,
Replacing T by T E E ′ and f by f ′′ , we may therefore assume that there exist G-sets I and I ′ such that Image H 0 (f) ∼ = θI and Ker
Since f is an idempotent, there is an isomorphism θT ∼ = Image H 0 (f) ⊕ Ker H 0 (f), whence an isomorphism η : θT → θ(I I ′ ). Define T ′ = I I ′ . For t ∈ T and t ′ ∈ T ′ , let η t ′ ,t denote the corresponding entry of the matrix of η with respect to the bases T and T ′ , and similarly define (η −1 ) t,t ′ to be the matrix entry of the inverse of η. Note that η t ′ ,t (t
It follows that we may view t∈T,t ′ ∈T ′ η t ′ ,t (t ′ , t) as an R-linear combination of G-subsets of T ′ × T . The analogous assertion holds for η ′ .
The R-linear combination of G-invariant subsets of T ′ ×T associated to t∈T,t ′ ∈T ′ η t ′ ,t (t ′ , t) determines a morphism in Burn(G, R)(T, T ′ ), which we will denote by Burn(η). Similarly define Burn(η −1 ) in Burn(G, R)(T ′ , T ). By construction, Burn(η) • f • Burn(η −1 ) = I where the two maps to T ′ are both the canonical inclusion I → T ′ .
We claim that Lemma 2.10 implies that
To see that we may apply Lemma 2.10 in this case, note that by Lemma 2.5, we may fix an isomorphism of G-sets T ∼ = T ′ , and consider Burn(η) and Burn(η −1 ) to both be elements of Burn(G, R)(T, T ) allowing us to conclude Tr(Burn(η)
we have shown the lemma.
The following corollary of Lemma 2.7 is not needed for the rest of the article, but is included as a curiosity. To put this in context, we remark that there are many interesting idempotents of the Burnside ring of a finite group G. The idempotents of A(G) ⊗ Q were computed by [Sol67] , [Yos83] , and [Glu81] . The integral idempotents, i.e., the idempotents of A(G), were computed by Dress [Dre69] , see [Bou00, Theorem 3.3.7, Corollary 3.3.9].
Corollary 2.11. Let G be a finite group and let R be a field of characteristic not dividing the order of G. Suppose f is an idempotent in the Burnside ring A(G). Then θf is either 0 or the trivial representation in Rep(G, R).
Proof. Since Image H 0 (f) is a submodule of H 0 ( * ), we have that Image H 0 (f) is either 0 or R with the trivial action. The corollary then follows from Lemma 2.7.
We wish to thank Serge Bouc and Alexander Duncan for useful correspondence concerning Corollary 2.11. In particular, they explicitly computed an interesting (integral) idempotent of the Burnside ring of the alternating group G = A 5 such that the associated element of Rep(G, Q) is 0. 
in cohomology, whence we have that
under the hypothesis that for two (and thus all three) of X, Y, and Z, only finitely many terms in each sum are non-zero. Therefore if the claim holds for any two of X, Y, and Z in a cofiber sequence X → Y → Z, it holds for the third.
We now prove (1): By induction on the number of cells of the finite G-CW complex X, it therefore suffices to show the claim for X a finite G-set. This then follows from Lemma 2.1 (2).
We now prove (2): Let A be a G-CW complex which is a retract in the homotopy category of a finite G-CW complex Y. Let ι be the endomorphism of Y given by the composition of the retract and the inclusion ι : Y → A → Y. It is formal that Tr(ι) = χ(A). We likewise have that the image Image
. We show the claim for A by proving that for a G-equivariant map f : Y → Y which is idempotent in the homotopy category, we have
and applying (3) for f = ι. Both sides of are unchanged under equivariant homotopy, and it follows that we may assume that f is cellular [May96, I. Theorem 3.4]. This allows us to induct on the dimension of the top cells of Y, reducing to the case where Y = T + ∧ S n for a G-set T . Since replacing f by its suspension multiplies both sides of (3) by −1, we replace f by f ∧ S −n , reducing to the case where Y = T + and the map f is now is the stable homotopy category. Then as remarked above f corresponds to an idempotent f :
. The equality (3) then follows by Lemma 2.7.
Let V be an n-dimensional representation of G and let S −V be the dual of the one-point compactification S V of V. If X is a strongly dualizable G-spectra, then so is DX and χ(X) = χ(DX). Thus χ(S −V ) = χ(S V ). Since S V is a finite G-CW complex, we have that
where the action of G on the first summand is trivial, and the action of G on the second summand is via the sign on the determinant, i.e. g ∈ G acts by ±1 depending on if g preserves or reverses the orientation of S V . Combining with the previous, we have
, where for i = 0, the action is trivial, and for i = −n, G acts on R by the sign of the determinant. Thus the claim holds for S −V .
where A is a finitely dominated based G-CW complex and V is a representation of G. Since A is finitely dominated, by definition we have a finite G-CW complex Y such that A is a retract of Y in the homotopy category of G-CW complexes. By the above, the claim holds for A and S −V . Since the smash product of two endomorphisms of S induces the multiplication of A(G), we have
. By the Künneth spectral sequence, we have the equality
in Rep(G, R). The claim for X then follows from the claim for S −V and A.
This concludes the facts we need about genuine G-spectra. We now turn to the relationship between A 1 -homotopy theory over R and genuine Gal R -spectra.
Let H A 1 (sPre(Sm R )) denote the A 1 -homotopy category of simplicial presheaves on smooth schemes over R in the sense of Morel-Voevodsky. Let H Gal R (sSet) denote the homotopy category of genuine G-spaces for G = Gal R . There is a symmetric monoidal functor
called Betti realization, which takes a smooth scheme X over R to the complex points X(C) with the Gal R -action induced from the tautological action of Gal R on C. See [MV99, 3, 3.3] .
LB furthermore determines a functor after stabilization. Namely, let H A 1 (Spt P 1 (R)) denote the A 1 -homotopy category of P 1 -spectra over R. As above, let H Gal R (Spt) denote the homotopy category of genuine G-spectra for G = Gal R . There is a commutative diagram of Betti-realization functors [HO16, 4.4]
For k a field, Morel has shown that the endomorphisms of the sphere End H A 1 (Spt
(S) are isomorphic to the Grothendieck-Witt group GW(k) of k [Mor12, Corollary 1.24] (see [Hoy14, footnote p 2] about the non-perfect case), defined to be the group completion of the semi-ring of symmetric bilinear forms. GW(k) is generated by a for a ∈ k * /(k * ) 2 and has relations given by u + −u = 1 + −1 and u + v = u + v + (u + v)uv for u, v ∈ k * and u + v = 0. See [Mor12, Lemma 3.9] who cites [MH73] . The element a corresponds to the bilinear form (x, y) → axy. We will compare GW(R) and A(Gal R ) and for this, we need the following well-known constructions. The map sending a bilinear form to the ordered pair of its rank and signature determines an isomorphism
as can be checked using the generators and relations described above and Sylvester's law of inertia.
Since LB is a functor, it determines a map
Since LB is symmetric monoidal, LB(χY) = χ(LBY) for every strongly dualizable object
It is a result of Hoyois [Hoy14, Theorem 1.9] that for a separable field extension k ⊆ L, the fully dualizable spectrum Σ
is the element of H Gal R (Spt) corresponding to the finite Gal R -set given by Gal R with left translation, it follows that the map
and in particular is an isomorphism. Here the notation |T | for a finite set T denotes the cardinality of T . We remark that there is much more to say about the relationship between the Burnside ring and the Grothendieck-Witt group. See, for example, the recent work of Kyle Ormsby and Jeremiah Heller [HO16] .
The following proposition about an elliptic curve is one consequence of the existence of a realization over k = R. In the next section, we show that the analogous result often fails to hold when k is a more complicated field and then use this fact to show that a suitable realization functor cannot exist.
Proposition 2.12. Let E be an elliptic curve over R. Then
(1) For any ring R, we have
Proof. E is strongly dualizable in H A 1 (sPre(Sm R )), and by [Hoy14, Theorem 1.5], the Euler characteristic of E is 0. Since LB is a symmetric monoidal functor, it follows that LBE is strongly dualizable in H Gal R (Spt) and that χLBE = 0.
(1): By [Ill00] , LBE is a finite Gal R -CW complex, so we may apply Proposition 2.3 (1) to LBE. It follows that
Since LBE = E(C) and H i (E(C), R) = 0 for i < 0 and i > 2, we have
(2): For R finite, we have a natural isomorphism Remark 2.13. We can also verify Proposition (2.12) directly. Indeed, when R = C, the representations H i (E(C), R) can be described explicitly as follows. Let C denote the trivial representation and C(1) denote the sign representation in Rep(Gal R , C). Then in Rep(Gal R , C), we have equalities
. Indeed, the first equality follows because Gal R acts trivially on the single connected component of E(C); the second equality follows because the non-trivial element of Gal R reverses orientation; the third equality follows because the cup product gives an isomorphism of Gal Rrepresentations
, and in the representation ring, H 1 (E(C), C) is a direct sum of one-dimensional representations.
Enriched Euler characteristics and restrictions on genuine
Gal k -realization
Now let G be a profinite group, or more specifically a Galois group. One could hope to construct a homotopy category H G (Spt) of genuine G-spectra or G-pro-spectra, and a Burnside ring A(G) = End H G (Spt) (S). For example, homotopy theories of G-spectra are constructed in [Fau08] [Qui13] and [Bar17] . We have in mind that there is some appropriate sort of G-set and corresponding Burnside category such that a suspension spectrum functor is fully faithful into H G (Spt), and that objects in H G (Spt) can be constructed from colimits of suspensions of these G-sets, as is the case when G is finite. The point here being that the Euler characteristic of a G-set would be itself, and spaces would be built from G-sets, giving credibility to an analogue of Proposition 2.3. For any profinite group, a category of genuine G-equivariant spectra has been constructed from a Burnside category by Barwick in [Bar17] , and studied by Barwick, Glasman, and Shah in [BGS16] .
Let k be a field, and let k denote an algebraic closure of k and Gal k = Gal(k/k). One could furthermore hope to construct anétale realization functor
from the stable A 1 -homotopy category of P 1 -spectra over k to genuine Gal k -spectra or prospectra, appropriately completed away from the characteristic of k. For example, Quick has constructed anétale realization functor from the stable A 1 -homotopy category to a stable homotopy category of profinite spaces in [Qui07] .Étale realization functors have been constructed and studied by Ayoub [Ayo14a] and [CD16, Section 7 .2] in a generalization of the following context. The category of Voevodsky motives is analogous to the stable A 1 -category [Ayo14b, Section 2]. Let Λ be the ring Λ = Z/ℓ for a prime ℓ different from the characteristic of k, and assume that k is perfect. Let D(Sh(ké t , Λ)) denote the derived category of sheaves of Λ-modules on the smallétale site of Spec k. There is anétale realization functor from Voevodsky motives to D(Sh(ké t , Λ)). Since a sheaf of Λ-modules on the smallétale site of Spec k is a Λ-module with an action of Gal k , the derived category D(Sh(ké t , Λ)) is similar to spectra (of HΛ-modules) equipped with an action of Gal k . We wish to draw a similarity between D(Sh(ké t , Λ)) and a homotopy theory of spectra with a Gal k -action and contrast D(Sh(ké t , Λ)) with a notion of genuine Gal k -spectra. For example, the endomorphisms of the symmetric monoidal unit of D(Sh(ké t , Λ)) is Λ, in contrast to the Burnside ring. Sincé etale realization functors exist in powerful contexts, one could hope for anétale realization functor to genuine Galois equivariant spectra or pro-spectra.
We have in mind that applying theétale realization functor L Et to the suspension spectrum of a smooth scheme gives an appropriate suspension spectrum of theétale topological type of Artin-Mazur [AM86] and Friedlander [Fri82] . In other words, we have in mind that applying L Et is compatible with an unstableétale realization functor L Et as constructed by Isaksen [Isa04] in the non-equivariant context. From this, we are lead to the following two expectations.
• Since theétale topological type Et((X × Y) k ) is equivalent to the product Et(X k ) × Et(Y k ), cf. [Del77, Corollarie 1.11], it is reasonable to hope that L Et is symmetric monoidal.
• Since theétale cohomology of a smooth scheme X with finite coefficients R is isomorphic to the cohomology of theétale topological type Et X with coefficients in R, this would result in an isomorphism of Gal k -representations
This implies that if the Euler characteristic of a genuine G-spectrum or pro-spectrum is connected to the Gal k -representations given by its cohomology groups as in Proposition 2.3, then applying a homomorphism θ from A(G) to a representation ring sends this Euler characteristic to
The purpose of this paper is to show that, for many fields k, it is impossible to simultaneously satisfy these hopes, i.e., such anétale realization functor does not exist.
Theorem 3.1. Let k be a global field, local field with infinite Galois group, or finite field. Let p be a prime different from the characteristic of k. It is impossible to simultaneously construct all of the following (1) A symmetric monoidal category H Gal k (Spt), enriched over abelian groups. Let A(Gal k ) = End H Gal k (Spt) (S) denote the endomorphisms of the symmetric monoidal unit S.
Lemma 3.2. Let E be an elliptic curve over a finite field F ℓ , and let p be any prime not dividing ℓ. Suppose that for all n, we have a ring Rep(Gal k , Z/p n ) as in Theorem 3.1. There exists a positive integer n, such that
Proof. Suppose the contrary. Then for all g in Gal k and all n, we have the equality 
, Equation (4) for g = F becomes a 1 + a 2 = 1 + ℓ. Taking the absolute value of both sides, we have
which is impossible for any prime power ℓ.
Proof. (of Theorem 3.1) Suppose k is a finite field k = F ℓ . Choose an elliptic curve over k = F ℓ . To see that this is indeed possible, note that the Weierstraß equation y 2 = x(x − 1)(x + 1) determines an elliptic curve when F ℓ has odd characteristic. When ℓ = 2 d , the equation y 2 + y = x 3 produces the desired elliptic curve. By Lemma 3.2, there exists a positive integer n such that Suppose k is a local field with infinite Galois group, i.e., k is a finite extension of Q ℓ or F ℓ ((t)), and let O k denote the integral closure of Z ℓ or F ℓ [[t] ] in k. We may choose an elliptic curve E over k with good reduction by choosing an elliptic curve over the residue field (as discussed in the previous paragraph) and then applying [sga03, III 7 .3]. Thus we have an elliptic curve f : E → Spec O k . Let E 0 = E × Spec O k Spec F ℓ denote the fiber over the closed point. By smooth-proper base change, [Mil80, VI §4 Corollary 4.2] R i f * Z/p n is a locally constant sheaf on Spec O k whose stalk at a geometric point s : Spec Ω → Spec O k is H i (E s , Z/p n ), where E s = E × Spec O k Spec Ω. It follows that the Gal k -action on H i (E k , Z/p n ) factors through the quotient map
where k un is the maximal unramified extension of k and F ℓ d is the residue field. It likewise follows that H i (E k , Z/p n ) is isomorphic to H i ((E 0 ) F ℓ , Z/p n ) as Gal F ℓ d -modules. This reduces the claim to the case where k is a finite field.
Lastly, suppose that k is a global field. Choose an elliptic curve E over k, and let ν be a place not dividing the discriminant, so E has good reduction at ν. Let k ν be the completion of k at ν. The decomposition group of ν in Gal k gives an injection Gal kν → Gal k , and the Gal kν -action on H i (E k , Z/p n ) is isomorphic to the Gal kν -action on H i (E kν , Z/p n ). By the previous paragraph, we may again reduce the claim to the case where k is a finite field.
We give a slight variation on Theorem 3.1, where only the representation rings Rep(Gal k , Z/p) with p prime appear. Proof. Replace Lemma 3.2 with Lemma 3.4 below in the proof of Theorem 3.1.
Lemma 3.4. Let E be an elliptic curve over a finite field F ℓ . Let p be any prime greater than the cardinality of E(F ℓ ). Then Proof. Let k = F ℓ and let F be the geometric Frobenius in Gal k , i.e., the inverse of the arithmetic Frobenius a → a ℓ for all a in k. By assumption (2), it suffices to show that .1] for further explanation on the mod p version; it is contained in [Del77] and can also be deduced from [Hoy14] ). Since p is greater than |E(F ℓ )| by assumption and all elliptic curves contain at least one rational point, it follows that 2 i=0 (−1) i Tr F|H í et (E k , Z/p) is non-zero as desired. Remark 3.5. By Section 2, when k = R, there does exist a symmetric monoidal category H Gal k (Spt) and a symmetric monoidal functor L Et : H A 1 (Spt P 1 (k)) → H Gal k (Spt) satisfying the conditions of Theorems 3.1 and 3.3.
